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ABSTRACT A theory of strain birefringence in real elastomeric networks was previously proposed by one 
of us. The theory was based upon the modified constrained chain theory of rubberlike elasticity developed 
by Erman and Monnerie. Recent modifications have been made to the Constrained chain theory which 
necessitate alterations in the affected portions of the theory of strain birefringence. Those alterations and 
their effect on predicted birefringence are examined. The modified predictions of the strain birefringence 
theory will be examined and compared to both experimental data and the original predictions of the theory. 
The agreement with experiment is found to be satisfactory. 

Introduction 
The phantom and affine models of amorphous networks 

represent only an approximation to real elastomeric 
networks.' An improvement over these models is the 
constrained junction theory of Flory2t3 and Erman? which 
incorporates the effect of topological constraints (entan- 
glements) acting upon network junction fluctuations into 
the network elastic free energy. The constrained junction 
theory was extended by Erman and Monnerie into the 
constrained chain theory! The constrained chain theory 
accounts for constrained fluctuations along the network 
chain contour instead of restricting the constraints to 
acting only upon the network junctions. The constrained 
chain theory was the basis for a theory of strain birefrin- 
gence in real elastomeric networks proposed previously 
by one of  US.^ 

The development and predictions of the previously 
proposed strain birefringence theory are reexamined in 
this paper due to recent modifications made to the 
constrained chain theoryS6 The constrained chain theory 
is reviewed in the first section, with the recent modifi- 
cations being noted. The application of the constrained 
chain theory to the development of the strain birefringence 
theory is examined in the following two sections of the 
paper. Section two considers the phantom network 
contribution to birefringence, while section three considers 
the contribution to birefringence by the constraints. The 
resultant predictions of the theory of strain birefringence 
are presented and discussed in the next section. This 
section includes representative calculations that allow the 
application of the theory to experiment, as well as 
examination of the effect of constraints and swelling on 
the predictions of the theory. Finally, the theory is 
compared with experimental data. 

Constrained Chain Theory 
The constrained chain theory of rubberlike elasticity4 

is based upon Flory's hypothesis that only those entan- 
glements (topological constraints) which are affected by 
deformation will contribute to the equilibrium network 
modulus.2 The theory considers the network chains to be 
composed of Gaussian subchains. Topological constraints 
are allowed to act upon the end points of these subchains 
anywhere along the chain contour. The earlier constrained 
junction theory' restricted the topological constraints to 
acting only upon the multifunctional cross-linking junc- 
tions. The constrained chain theory incorporates the effect 
of topological Constraints along the chain contour into the 
calculation of the network elastic free energy. 
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The elastic free energy due to the topological constraints 
is given byb 

AAc = (vk!!'/2)~[E, + D, - ln(1 + B,) - 
t 

ln(1 + D,)] for t = x ,  y, z (1) 

where Y is the number of network chains, k is the Boltzmann 
constant, and Tis the absolute temperature. The functions 
Bt and Dt are defined as4,a 

E ,  = [h(At)2((Kdh(A,))A,2 - l ) l / [ A , 2  +h(AJI2 
for t = x ,  y, z (2) 

D, = A,2E,/h(A,) for t = x ,  y, z (3) 
where the variable At represents the "t" component of the 
macroscopic deformation tensor. For uniaxial deformation 
At is defined as' 

(4) 

( 5 )  
where V2, and VZ are the polymer volume fractions present 
during cross-linking and experiment, respectively, and a 
is the extension ratio characterizing the amount of 
deformation. The function h(At) is defined as6 

h(A,) = KG[l+ (A? - 1101 for t = x ,  y,  z (6) 
where the variable KG is the only adjustable parameter of 
the constrained chain theory of rubberlike elasticity if the 
cycle rank 5 is known (as in a model network). The 
parameter KG is connected to network characteristics and 
is a measure of the strength of the constraints which affect 
the fluctuations of the network chains. The parameter 
KG is defined as4 

KG = ( ( A X G ) ~ ) ~ ( ( ~ G ) ~ ) ~  (7) 
where the numerator in eq 7 represents the mean of the 
squared unidirectional fluctuation of the center of mass 
of an undeformed chain from the average location in a 
phantom network. The denominator in eq 7 represents 
the mean of the squared unidirectional fluctuation of the 
center of mass of an undeformed chain from the average 
position subject to topological constraints. The function 
0 from eq 6 can be defined in two ways 

(8) CP = 11 - (2/4)12/3 
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of the constraints.618 Equation 17 assumes, by analogy to 
the corresponding equation in constrained junction theory, 
that the constraint contribution to the network elastic 
free energy is proportional to p,  the number of junctions 

CL = (2/4)v (18) 
when in the constrained chain theory it is actually 
proportional to v, the number of chains. Therefore, the 
constraint portion of the molecular deformation tensor in 
the constrained chain model is correctly defined as8 

A,,: = B, for t = x ,  y ,  z (19) 
The contribution to the birefringence along the two 
principal axes by the constraint portion of the molecular 
deformation tensor is 

(20) 
By substituting eq 19 into eq 20, the effect of constrained 
network deformation on birefringence is given by 

(21) 

There also exists a second type of contribution to 
birefringence as a result of topological constraints. Since 
the dimensions of the network chains are altered upon 
deformation, the end points of the Gaussian subchains 
should move correspondingly. Assuming the subchain end 
points and the constraint domains surrounding them 
behave as elastically coupled elements, the domains will 
react to movement of the subchain end points. This 
reaction should result in some additional orientation that 
contributes to birefringence. This additional orientation 
has been previously characterized by a domain deformation 
tensor 8 ,  defined as7 

An',,, = (v/V)kTC(A,,? - A,,:) 

AnfXy,, = (v/V)kTC(B, - By) 

0' = 1 + D, for t  = x ,  y , z  (22) 
where Dt is given by eq 3. The contribution to birefringence 
along the two principal axes by this additional orientation 
has been previously defined as4p5 

An",,,, = b(u/V)kTC(D, - D,) (23) 
where the parameter b is a scaling factor with no clear 
molecular connection. The value of b is in the range [0,1], 
and it is used due to the difficulty in determining the 
extent to which the domain deformation actually con- 
tributes to the birefringence due to con~traints .~ 

Combining eq 21 and 23 gives the total birefringence 
due to constraints 

(24) 

(25) 
4 y , c  = Anf,,,, + Anffxy,c 

Anxy,, = (u/V)kTC(B, - B y )  + b(v/V)kTC(D, - D,) 
Substitution of eq 3 into eq 25 yields 

Anxypc = (v/V)kTC(B, - By)  + 

An,y,c = (t/V)kTC{l/[l- (2/4)1){(B, - By) + 
b(Xx2B,[h(X,)1-' - ~,2By[h(Xy)I-')) (27) 

The total birefringence of a real network is the sum of the 
birefringence due to the phantom network and the 
birefringence due to constraints' 

Anxy = Anxy,ph + (28) 
The total birefringence of a real network can also be defined 

b(v/V)kTC~X,'B,[h(X,)I-' - AtB,[h(Xy)l-') (26) 

= [I- (2/4)12 (9) 
where 4 is the functionality of the network cross-link 
junctions. The choice between eqs 8 and 9 is dependent 
upon the type of fluctuations considered to be occurring 
at  the end points of the Gaussian subchains. Given 
sufficiently long chains, eq 8 is valid for subchain end- 
point fluctuations which are independent of macroscopic 
deformation"l1 (referred to as the standard constrained 
chain model). Equation 9 is valid for subchain end-point 
fluctuations which are dependent upon macroscopic 
deformation (referred to as the modified constrained chain 
model). It should be noted that, in the latter case, the 
fluctuations of the cross-link junctions remain invariant 
with strain.12J3 

Phantom Network Birefringence 
The birefringence induced in a network under defor- 

mation consists of contributions from both the phantom 
network and the topological constraints. First consider 
the phantom network birefringence. In a perfect phantom 
network the birefringence due to deformation is1 

Anph = (2n/27)(v/V)[rZ(n2 + 2)2/nl[A,,p2 - 
( ~ i ~ , ~ h ~  + A,,ph2)/21 (10) 

In eq 10, Y represents the number of network chains, V 
corresponds to the network volume, and n is the network 
mean refractive index. The variable rz is the anisotropic 
parameter and is related to the polarizability tensor byI4 

[a,, - (ayy + aZz)/2ir = rz[x2 - CY' + ~ ~ ) / 2 1 / ( r ~ ) ,  (11) 
where (r2)o is the mean-squared end-to-end distance of a 
free chain. The orthogonal components of the anisotropic 
portion of the polarizability tensor, when averaged over 
all conformations for a chain with fixed ends, are repre- 
sented by axz, ayy, and aZr in eq 11. The A, variables in 
eq 10 are the "t" directional components of the phantom 
network molecular deformation tensor defined as1 

(12) = [l - (2/4)1Xt2 + (2/4) for t = x ,  Y ,  z 

where At and 4 have been previously defined. 
The stress-optical coefficient, C, is given by7J5 

C = (2a/27kT)[I',(n2 + 2)'/n] (13) 
By substituting eqs 12 and 13 into eq 10, the birefringence 
due to deformation in a phantom network is 

Anph = (f/V)kTC[X,'- (Ay' Az2)/2] (14) 
where the cycle rank 4 is defined as 

5 = V I 1  - (2/4)1 (15) 
When limiting concern to the two principal axes, x and y, 
the birefringence due to the phantom network is given by 

Anxy,ph = (v/V)kTC[l- (2/4)1(Ax2- A,') (16) 

Birefringence Due to Constraints 
The birefringence induced in a network under defor- 

mation consists of contributions from both the phantom 
network and the topological  constraint^.^ Consider now 
the birefringence due to constraints. The topological 
constraints contribute to the molecular deformation tensor. 
The constraint portion of the molecular deformation tensor 
was previously defined as7 

A,,? = ( 2 / 4 ) ~ ,  for t = X,  Y ,  z (17) 
However, eq 17 has been found to underestimate the effect 
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Figure 1. Effect of the primary constraint parameter, KO, on 
representative resulta. See text for calculation details. 

as7 

Anzy = (V/V)~TC[(A~,,B)~ - (Ay,eB)21 (29) 
where the terms inside the brackets in eq 29 are the two 
principal components of the total effective molecular 
deformation tensor defined below 

At,,: = (bt,ph)2 + (At,J2 + b(8; - I) for t f Z, y, Z 

(30) 
which by substitution of eqs 12, 19, and 22 yields 

= 11 - (2/d)lx,2 + W d )  + Bt + 
bX,2Bt[h(Xt)I-1 for t = x ,  y, z (31) 

The ratio of birefringence due to constraints to the 
birefringence of the phantom network is given by com- 
bining eqs 16 and 26 

Anxy,dAnzy,ph 

The total birefringence of a real network due to defor- 
mation under constraints can then be expressed as 

(33) 
A reduced birefringence analogous to reduced stress can 
be defined as7 

( (B,  -By) + b(xz2B,[h(x,)1-’ - 
x,2By[h(x,)1-1))11/[1 - (2/d)lI[l/(A,2 - A 3 1  (32) 

Anzy = Anzy,ph[l + (Anzy,dAnzy,ph)] 

[An1 = [Anphl(l AndAnph) (34) 
where the reduced phantom birefringence is the product 
of the reduced phantom modulus and the stress-optical 
coefficient 

(35) Anphl = (tk T/ vo) c 
Results and Discussion 

Application to Experiment. Consider the application 
of the theory presented here to a typical strain birefrin- 
gence experiment. For a network under uniaxial extension, 
eq 32 can be used in the following modified form 

AnJAn,, = ((BII - B,)  + b(~l12Bll[~(XII)1-1 - 
X,2B,[h(X,)l-1))(l/[l - (2/d)lW/(+2 - (36) 

where the subscript “11 means parallel to the axis of applied 
strain and the subscript I means perpendicular to the 
axis of applied strain. The results of calculations per- 
formed using eq 36 are represented in Figure 1. The 
calculations for a tetrafunctional unswollen network 
prepared in the bulk have been carried out for four different 
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Figure 2. Effect of the secondary constraint scaling parameter, 
b, on representative results. See text for calculation details. 

values of the primary adjustable constraint parameter 
KG: 0.1,1,5,50. The two extremes in the value Of KG are 
not applicable to realistic elastomeric networks but are 
included to show the predictions of the theory approaching 
phantom-like and affine-like behavior. The ratio of the 
birefringence due to constraints to the birefringence of 
the phantom network is plotted as a function of inverse 
elongation. The contribution to birefringence of the 
constraints is at a maximum ( b  = 1.0 in eq 36). The theory 
predicts sigmoidally shaped curves. The birefringence due 
to constraints relative to that in the phantom network 
decreases with elongation as the constraints diminish in 
the direction of the deformation. The slopes of the curves 
increase with elongation until reaching a maximum and 
then begin to decrease as the infinite elongation limit 
approaches. 

Effect of Constraints. The effect of various values of 
the primary adjustable constraint parameter KG can be 
seen in Figure 1, which was previously described. The 
effect of the secondary constraint scaling parameter, b, 
can be seen in Figure 2.1S Figure 2 shows the ratio of the 
birefringence due to constraints to the birefringence of 
the phantom network plotted as a function of inverse 
elongation for three values of the secondary constraint 
scaling parameter b: 0, 0.5, 1.0. The calculation of the 
ratio in question from eq 32 was done for a dry, tetrafunc- 
tional network prepared in the bulk. The primary 
adjustable constraint parameter is KG = 5.0, which is a 
typical value for an elastomeric network.17 As can be seen 
in Figure 2, the effect of various values of the secondary 
constraint scaling parameter, b, is of minor importance 
compared to the effect of various values of KG shown in 
Figure 1. It  can also be seen that the effect of parameter 
b diminishes with elongation, vanishing in the infinite 
extension limit. 

Effect of Swelling. The effect of various degrees of 
swelling on the predictions of the theory can be seen in 
Figure 3.18 The effect of swelling is incorporated into the 
theory by varying the polymer volume fraction present 
during experimental measurements, VZ,  in eqs 4 and 5. 
Figure 3 shows the ratio of birefringence due to Constraints 
to the birefringence of the phantom network, calculated 
from eq 32, as a function of inverse elongation for three 
values of the polymer volume fraction VZ. The results are 
representative of a tetrafunctional network prepared in 
the bulk with KG = 5.0 and b = 1.0. The predictions of 
the theory agree qualitatively with Flory’s claim that 
increased swelling will decrease the constraint contribution 
to birefringence as a consequence of the decrease of 
entanglements present within the n e t w ~ r k . ~ J ~  There 
remains a need for more work such as that done recently 
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Figure 3. Effect of swelling on representative results. See text 
for calculation details. 
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by Eman20 to account for contributions to birefringence 
from local intermolecular interactions, since such contri- 
butions are not included in the predictions of this theory. 

Comparison to Experimental Data. Comparisons 
between the original calculations: previously published 
experimental data,2l and the new corrected calculations 
are shown in Figures 4 and 5. The figures show reduced 
birefringence as a function of inverse elongation. Equation 
32 was substituted into eq 34, and the result was used to 
generate the lines representing the theoretical predictions. 
The dashed lines represent the original calculations, and 
the solid lines represent the new corrected calculations. 
In Figure 4, the solid circles represent unswollen data 
previously published by Erman and Flory21 for poly- 
(dimethylsiloxane) (PDMS), with number-average mo- 

lecular weight 2 X 106, cross-linked in the bulk with 0.2 
wt % dicumyl peroxide. The dashed line representing 
the original calculation was fit to the unswollen data by 
selecting a reduced phantom birefringence value of [Anphl 
= 2.51 X lo4, a secondary constraint scaling parameter 
b = 0.5, and KG = 5.6. In comparison, the constrained 
junction theory was fit to the unswollen data by selecting 
a reduced phantom birefringence value of [Anph] = 2.51 
X b = 0.5, l = 0.05, and K = 4.5. The solid line 
representing the new calculation was fit to the unswollen 
data by selecting a reduced phantom birefringence value 
of [An,h] = 2.18 X lo4, a secondary constraint scaling 
parameter b = 1.0, and KG = 4.5. The predicted swelling 
behavior for a polymer volume fraction V2 = 0.78 was fit 
to the swollen data21 (represented by solid triangles) by 
selecting a reduced phantom birefringence value of [Anphl 
= 3.70 X W5. In Figure 5, the solid circles represent 
unswollen data previously published by Erman and Flory21 
for dry PDMS, with number-average molecular weight 2 
X lo6, cross-linked in the bulk with 0.1 wt % dicumyl 
peroxide. The dashed line representing the original 
calculation was fit to the data by selecting a reduced 
phantom birefringence value of [An,hl = 1.32 X 106, a 
secondary constraint scaling parameter b = 0.5, and KG 
= 8.0. In comparison, the constrained junction theory 
was fit to the unswollen data by selecting a reduced 
phantom birefringence value of [An,h] = 1.32 X 10-5, b = 
0.5, l = 0.05, and K = 7.0. The solid line representing the 
new calculation was fit to the data by selecting a reduced 
phantom birefringence value of [An,hl = 1.5 X 106, a 
secondary constraint scaling parameter b = 1.0, and KG 
= 5.5. The predicted swelling behavior for a polymer 
volume fraction V2 = 0.68 was fit to the swollen data21 
(represented by solid triangles) by selecting a reduced 
phantom birefringence value of [Anphl = 2.49 X 106. The 
corrected terms in the theory were used to calculate the 
reduced force, and parameters were adjusted by trial and 
error to produce the best fit to the previously published 
reduced force data.21 The KG values used in Figures 4 and 
5 are the same values used for the best fit to the reduced 
force data. The [An,hl values used in Figures 4 and 5 
were selected to be in the same ratio as the reduced 
phantom modulus values, [f*ph], which gave the best fit 
to the reduced force data. It is necessary to first achieve 
a best fit to the reduced force data due to the relationship21 

(37) 
where C is the stress-optical coefficient, which must be a 
constant for the given networks. Therefore, the [An,h] 
values for the unswollen data must be chosen to be in the 
same ratio as the [f*ph] values. The swollen data are not 
subject to this requirement since the value of the stress- 
optical coefficient, C, will depend on the solvent used. 
Figures 4 and 5 show that the effect of the corrections 
made to the original calculations is minimal. Excellent 
agreement with the data and with previous prediction has 
been obtained with only minor changes in the adjustable 
parameters of the theory. The values of the parameters 
[Anphl and KG have been reduced from those used in the 
original calculations. The values are also smaller than 
the corresponding values used in the constrained junction 
model calculations.2l The new modified calculations from 
the theory of strain birefringence based on the constrained 
chain model represent the same strength of network 
topological constraints with a value of the primary 
constraint parameter KG that is lower in magnitude than 
both the original calculation and the corresponding 
constrained junction parameter K. Therefore, the primary 
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constraint parameter KG in the new calculation is now 
more sensitive to the strength of network constraints than 
it was to the original calculation. 

Conclusion 
The presented strain birefringence theory is molecular 

in nature and incorporates the effects of topological 
constraints in a realistic manner based upon the modified 
constrained chain theory of rubberlike elasticity. The 
recent corrections made to the modified constrained chain 
theory of rubberlike elasticity have had little effect on the 
predictions of the theory of strain birefringence. The new 
predictions of the theory show excellent agreement with 
experimental data, as well as with the original predictions, 
with only minor changes in adjustable parameters. The 
theory predicts both the swollen and unswollen birefrin- 
gence behavior equally well. The curves are sigmoidal in 
shape, with the contribution to birefringence of the 
constraints relative to that of the phantom network 
diminishing with elongation. The effect of adjustable 
parameters on the new corrected predictions of the theory 
follows the same trend as the original predictions of the 
theory. A more constrained network (higher constraint 
parameter KG) will exhibit a higher contribution to 
birefringence due to constraints relative to that of the 
phantom network. Upon increasing the secondary con- 
straint scaling parameter, b, the contribution to birefrin- 
gence due to constraints relative to that of the phantom 
network will slightly increase. However, the effect of this 
parameter is minor in comparison to the effect of primary 
adjustable constraint parameter KG, and the effect van- 
ishes a t  infinite extension. 

Although there is debate3122 on the contributions made 
by entanglement constraints to the stress within a network, 
the entanglements will contribute to the orientation of 
the network chains upon deformation. It is believed that 
the secondary constraint scaling parameter, b, is somehow 
related to this entanglement contribution to orientation, 
but more work is needed to clearly establish this rela- 
tionship. It has been suggested23 that the magnitude of 
this entanglement contribution to network chain orien- 
tation is proportional to MJMe, the ratio of the molecular 
weight between cross-links to the molecular weight between 
entanglements. Work has begun to examine this proposed 
relationship. 

Increased swelling significantly diminishes the contri- 
bution to birefringence due to constraints relative to that 
of the phantom network. This supports the premise that 
swelling decreases the amount of entanglements which 
would have contributed to the birefringence due to 
constraints. 
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The predictions of the presented theory of strain 
birefringence based on the constrained chain model of 
rubberlike elasticity will be compared to new data from 
current strain birefringence experiments on appropriate 
networks in a future paper. However, the excellent 
agreement between theory and experimental data previ- 
ously shown in Figures 4 and 5 supports the validity of the 
constrained chain theory as a realistic model of rubberlike 
elasticity. 
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